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BIRATIONAL SMOOTH MINIMAL MODELS HAVE EQUAL
HODGE NUMBERS IN ALL DIMENSIONS
TETSUSHI ITO
Abstract. This is a resume of the author’s talk at the Worhshop on Arith-
metic, Geometry and Physics around Calabi-Yau Varieties and Mirror Sym-
metry (July 23-29, 2001), the Fields Institute. The aim of this note is to prove
that birational smooth minimal models over C have equal Hodge numbers in
all dimensions by an arithmetic method. Our method is a refinement of the
method of V. Batyrev and C.-L. Wang on Betti numbers who used p-adic in-
tegration and the Weil conjecture. Our ingredient is to use further arithmetic
results such as the Chebotarev density theorem and p-adic Hodge theory.
1. Introduction
Smooth minimal models play an important role in birational geometry. In this
paper, we study Hodge numbers of smooth minimal models by an arithmetic
method. Here we recall the definition of smooth minimal models. A divisor D
on a smooth projective variety X is called nef if D · C ≥ 0 for all curves C in
X . A smooth minimal model is a smooth projective variety X whose canonical
bundle KX = Ω
dimX
X is nef.
The purpose of this paper is to prove the following theorem.
Theorem 1.1. Let X and Y be smooth minimal models over C. Assume that X
and Y are birational over C. Then, X and Y have equal Hodge numbers:
dimCH
i(X,ΩjX) = dimCH
i(Y,ΩjY ) for all i, j.
In this paper, we firstly compute the number of rational points of reduction
modulo p of X and Y by p-adic integration. Then we apply the following propo-
sition which is proved in §4 by combining the Weil conjecture, the Chebotarev
density theorem and p-adic Hodge theory (for a variant in terms of zeta functions,
see Corollary 4.8).
Proposition 1.2. Let K be a number field. Let X and Y be schemes of finite
type over the ring of integers OK of K whose generic fibers X = X ⊗OK K and
Y = Y⊗OK K are proper and smooth over K. If |X(OK/p)| = |Y(OK/p)| for all
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but a finite number of maximal ideals p of OK, then X and Y have equal Hodge
numbers:
dimK H
i(X,ΩjX) = dimK H
i(Y,ΩjY ) for all i, j.
A similar statement for Betti numbers of proper smooth varieties over a finite
field is a well-known consequence of the Weil conjecture (see Proposition 4.1).
We use p-adic Hodge theory to get information on Hodge numbers from Galois
representations. It is likely that Proposition 1.2 is well-known only for specialists
in arithmetic geometry. We expect that Proposition 1.2 has further interesting
applications in algebraic geometry.
Here we say a few words about the history of Theorem 1.1. The case dim = 1
is trivial since birational projective smooth curves are automatically isomorphic.
The case dim = 2 is also automatic because X and Y are isomorphic by unique-
ness of the minimal models for surfaces. The case dim = 3 is more interesting.
By the minimal model program for threefolds, X and Y are not necessarily iso-
morphic, but connected by a sequence of flops. Hence we conclude, by basic prop-
erties of flops, that X and Y have equal Hodge structures ([KMM],[Ka1],[Kol]).
However, we can’t do the same if dim ≥ 4 since the minimal model program in
dim ≥ 4 is still under construction. On the other hand, Batyrev found a new
way to get cohomological properties of birational varieties in all dimensions. He
proved that birational smooth Calabi-Yau manifolds have equal Betti numbers
in all dimensions ([Ba1]). He used p-adic integration and the Weil conjecture.
Wang generalized Batyrev’s result for Betti numbers of smooth minimal models
([Wa1]).
We sketch the outline of this paper. In §2, we prove certain geometric prop-
erties of minimal models needed for our purpose. In §3, we recall Weil’s p-adic
integration which computes the number of rational points of reduction modulo p
by integrating a gauge form on a p-adic manifold. In §4, we recall several facts
on Galois representations and prove Proposition 1.2. Finally, in §5, we prove
Theorem 1.1 by combining above results.
Remark 1.3. After this work was completed, Franc¸ois Loeser pointed out to the
author that Theorem 1.1 can be obtained by the theory of motivic integration
developed by Kontsevich [Kon] and Denef-Loeser [DL] (see also [Ba2], [Ve], [Wa1],
[Wa2]). Willem Veys kindly informed the author that Theorem 1.1 is already
written in his paper [Ve], Corollary of Theorem 2.7. Moreover, Chin-Lung Wang
kindly informed the author that he independently obtained the same result in
2000. The author knew it in his talk at Tokyo on February 2002. The author
would like to thank them for information.
Remark 1.4. Recently, the author generalized the results of this paper and ob-
tained an application of p-adic Hodge theory to stringy Hodge numbers for sin-
gular varieties (for details, see [It]). Stringy Hodge numbers were introduced by
Batyrev in [Ba2] where he studied them by motivic integration.
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2. Geometry of minimal models
Let X and Y be birational projective smooth algebraic varieties over C. Recall
that X and Y are called K-equivalent if there exists a projective smooth variety
Z over C and proper birational morphisms f : Z → X, g : Z → Y such that
f ∗KX = g
∗KY .
Z
f
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~~
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@@
@@
@@
@
X Y
Recently the notion of K-equivalence plays an important role in birational geom-
etry ([Ka2], [Wa2]).
Although the following property of birational smooth minimal models seems
well-known for specialists in birational geometry, we write it for the reader’s
convenience ([Kol], [Fu], [Wa1]).
Proposition 2.1. Birational smooth minimal models over C are K-equivalent.
Proof. Let X and Y be birational smooth minimal models over C. By taking a
resolution of singularities of the closure of the graph of the birational map, there
exists a projective smooth variety Z over C and proper birational morphisms
f : Z → X, g : Z → Y .
To see f ∗KX = g
∗KY , we write the canonical bundle relation:
KZ = f
∗KX + F +G, KZ = g
∗KY + F
′ +G′
Here F,G, F ′, G′ are effective divisors such that F, F ′ are exceptional for both f
and g, G is exceptional for f but not for g, and G′ is exceptional for g but not
for f .
By symmetry, it is enough to show F +G ≥ F ′+G′. To show this, it is enough
to show F −F ′−G′ ≥ 0. Write F −F ′−G′ = A−B such that A,B are effective
divisors and they have no common component. It is enough to show B = 0. To
show this, we assume B 6= 0. Then we have
g∗KY = f
∗KX +G+ (F − F
′ −G′) = f ∗KX +G+ (A−B).
By taking suitable hyperplane sections and using the Hodge index theorem, we
can take a curve C in Z such that B · C < 0, g(C) is a point and C is not
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contained in G+A ([Fu], 1.5). Recall that B is exceptional for g. Since g∗KY ·C =
KY · g(C) = 0, we have
0 = g∗KY · C = f
∗KX · C +G · C + A · C − B · C.
We examine the right hand side. f ∗KX · C = KX · f(C) ≥ 0 since KX is nef.
G · C ≥ 0, A · C ≥ 0 since C is not contained in G + A. Since B · C < 0, we
conclude that the right hand side must be positive. This is contradiction. Hence
B = 0 and the proof is completed. 
3. p-adic integration
3.1. General definitions. Let p be a prime number and Qp be the field of p-
adic numbers. Let F be a finite extension of Qp, R ⊂ F be the ring of integers in
F , m ⊂ R be the maximal ideal of R, Fq = R/m be the residue field of F with
q elements, where q is a power of p. For an element x ∈ F , we define the p-adic
absolute value |x|p by
|x|p =
{
q−v(x) x 6= 0
0 x = 0
where v : F× → Z is the normalized discrete valuation of F .
Let X be a smooth scheme over R of relative dimension n. We can compute
the number of Fq-rational points |X(Fq)| by integrating certain p-adic measure on
the set of R-rational points X(R). We note that X(R) is a compact and totally
disconnected topological space with respect to its p-adic topology.
Let ω ∈ Γ(X,ΩnX/R) be a regular n-form on X, where Ω
n
X/R is the relative
canonical bundle of X/R. We shall define the p-adic integration of ω on X(R)
as follows. Let s ∈ X(R) be a R-rational point. Let U ⊂ X(R) be a sufficiently
small p-adic open neighborhood of s on which there exists a system of local p-adic
coordinates {x1, . . . , xn}. Then {x1, . . . , xn} defines a p-adic analytic map
x = (x1, . . . , xn) : U −→ R
n
which is a homeomorphism between U and a p-adic open set V of Rn. By using
the above coordinates, ω can be written as
ω = f(x) dx1 ∧ · · · ∧ dxn.
We can consider f(x) as a p-adic analytic function on V . Then we define the
p-adic integration of ω on U by the equation∫
U
|ω|p =
∫
V
|f(x)|p dx1 · · ·dxn,
where |f(x)|p is the p-adic absolute value of the value of f at x ∈ V and dx1 · · · dxn
is the Haar measure on Rn normalized by the condition∫
Rn
dx1 · · ·dxn = 1.
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By patching the above integration, we get the p-adic integration of ω on X(R)∫
X(R)
|ω|p.
3.2. p-adic integration of a gauge form. A gauge form ω on X is a nowhere
vanishing global section ω ∈ Γ(X,ΩnX/R). Clearly, a gauge form exists if and only
if ΩnX/R is trivial. Therefore a gauge form exists at least Zariski locally. The most
important property of p-adic integration is that the p-adic integration of a gauge
form computes the number of Fq-rational points.
Proposition 3.1 ([We2], 2.2.5). Let X be a smooth scheme over R of relative
dimension n and ω be a gauge form on X. Then we have∫
X(R)
|ω|p =
|X(Fq)|
qn
.
Proof. Let
ϕ : X(R) −→ X(Fq)
be the reduction modulo m map. For x¯ ∈ X(Fq), ϕ
−1(x¯) is a p-adic open set of
X(R). Therefore, it is enough to show∫
ϕ−1(x¯)
|ω|p =
1
qn
.
Let {x1, . . . , xn} ⊂ OX,x¯ be a regular system of parameters at x¯. Then {x1, . . . , xn}
defines a system of local p-adic coordinates on ϕ−1(x¯) and
x = (x1, . . . , xn) : ϕ
−1(x¯) −→ mn ⊂ Rn
is a p-adic analytic homeomorphism. Let ω be written as ω = f(x) dx1∧· · ·∧dxn.
Since ω is a gauge form, f(x) is a p-adic unit for all x ∈ ϕ−1(x¯). Therefore
|f(x)|p = 1. Then we have∫
ϕ−1(x¯)
|ω|p =
∫
mn
dx1 · · · dxn =
1
qn
since mn is an index qn subgroup of Rn. 
3.3. A slight generalization — p-adic integration of local generators of
a lattice. We shall consider Proposition 3.1 if ΩnX/R is not necessarily trivial.
By a lattice of ΩnX/R, we mean a locally free subsheaf L ⊂ Ω
n
X/R of rank 1. We
can define the p-adic integration of local generators of a lattice L as follows. If
both L and ΩnX/R are free, take a generator ω of L . Then we have the p-adic
integration ∫
X(R)
|ω|p.
This value is independent of ω since ω is unique up to multiplication by a unit
f ∈ O∗X and such f takes p-adic absolute value 1 as a p-adic analytic function.
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Therefore we can patch them and get the p-adic integration of local generators
of L which we denote by ∫
X(R)
|L |p.
Note that if L = ΩnX/R and Ω
n
X/R is trivial, the above value is nothing but the
p-adic integration of a gauge form in §3.2. Therefore, we have the following
generalization of Proposition 3.1
Corollary 3.2. Let X be a smooth scheme over R of relative dimension n. Then
we have ∫
X(R)
|ΩnX/R|p =
|X(Fq)|
qn
.
3.4. An application to K-equivalent varieties.
Proposition 3.3 ([Ba1], [Wa1]). Let X,Y,Z be smooth schemes over R of relative
dimension n. Assume that there exist proper birational morphisms f˜ : Z→ X, g˜ :
Z→ Y such that f˜ ∗ΩnX/R = g˜
∗ΩnY/R. Then |X(Fq)| = |Y(Fq)|.
Z
f˜
  


 g˜

>>
>>
>>
>
X Y
Proof. By Corollary 3.2, we have∫
X(R)
|ΩnX/R|p =
|X(Fq)|
qn
,
∫
Y(R)
|ΩnY/R|p =
|Y(Fq)|
qn
.
Since f˜ ∗ΩnX/R = g˜
∗ΩnY/R, we compute
|X(Fq)|
qn
=
∫
X(R)
|ΩnX/R|p =
∫
Z(R)
|f˜ ∗ΩnX/R|p =
∫
Z(R)
|g˜∗ΩnY/R|p
=
∫
Y(R)
|ΩnY/R|p =
|Y(Fq)|
qn
by using the change of variable formula for p-adic integration twice. Hence we
have |X(Fq)| = |Y(Fq)|. 
Remark 3.4. By combining Proposition 2.1, Proposition 3.3, and the Weil conjec-
ture (see §4.1), we can prove the equality of Betti numbers for birational smooth
minimal models over C as in [Ba1], [Wa1]. However, to show the equality of
Hodge numbers, we need further arithmetic results such as the Chebotarev den-
sity theorem and p-adic Hodge theory which will be explained in §4.
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4. Review of Galois representations
In this section, we recall several facts on Galois representations and prove
Proposition 1.2.
4.1. The Weil conjecture. Let X be a proper smooth variety over a finite field
Fq of dimension n. Fix a prime number l prime to q. Let H
i
e´t(XFq ,Ql) be the
i-th l-adic e´tale cohomology of XFq = X ⊗Fq Fq, where Fq denotes an algebraic
closure of Fq. Let F : XFq → XFq be the q-th power Frobenius morphism. Note
that the set of fixed points of F is precisely the set of Fq-rational points X(Fq).
Then, by the Lefschetz fixed point formula for e´tale cohomology, we have
|X(Fq)| =
2n∑
i=0
(−1)i Tr(F ∗;H ie´t(XFq ,Ql)).(4.1)
Moreover, by the Weil conjecture proved by Deligne, all eigenvalues of F ∗
acting on H ie´t(XFq ,Ql) are algebraic numbers and all conjugates of them have
complex absolute value qi/2. This is an analogue of the Riemann hypothesis for
a proper smooth variety over a finite field.
The Hasse-Weil zeta function Z(X, t) is a formal power series with coefficients
in Q defined by
Z(X, t) = exp
(
∞∑
r=1
|X(Fqr)|
r
tr
)
.
Then, by (4.1), we have the following expression of Z(X, t)
Z(X, t) =
P1(X, t) · · ·P2n−1(X, t)
P0(X, t)P2(X, t) · · ·P2n(X, t)
,
where
Pi(X, t) = det(1− F
∗t;H ie´t(XFq ,Ql)).
Although the following application of the Weil conjecture is well-known and
weaker than our key proposition (Proposition 1.2), we note it here for reader’s
convenience.
Proposition 4.1. Let X and Y be proper smooth varieties over Fq. If |X(Fqr)| =
|Y (Fqr)| for all r, then Pi(X, t) = Pi(Y, t). In particular, by comparing the de-
grees, we have
dimQl H
i
e´t(XFq ,Ql) = dimQl H
i
e´t(YFq ,Ql).
Therefore, if such X (resp. Y ) comes from a proper smooth variety X˜ (resp. Y˜ )
over a number field K by modulo p reduction, then X˜ ⊗K C and Y˜ ⊗K C have
equal Betti numbers:
dimQH
i(X˜ ⊗K C,Q) = dimQH
i(Y˜ ⊗K C,Q) for all i.
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Proof. We have Z(X, t) = Z(Y, t) by definition. Hence Pi(X, t) = Pi(Y, t) for all i
because we can recover Pi(X, t) (resp. Pi(Y, t)) from Z(X, t) (resp. Z(Y, t)) by the
Weil conjecture. The rest follows from basic properties of e´tale cohomology. 
4.2. An application of the Chebotarev density theorem. In this section,
we don’t need the Chebotarev density theorem itself but need its application to
l-adic Galois representations. For details, we refer Serre’s book [Se].
Proposition 4.2 ([Se], I.2.3). Let K be a number field, m,m′ ≥ 1 be integers,
and l be a prime number. Let
ρ : Gal(K/K)→ GL(m,Ql), ρ
′ : Gal(K/K)→ GL(m′,Ql)
be continuous l-adic Gal(K/K)-representations such that ρ and ρ′ are unramified
outside a finite set S of maximal ideals of OK. If
Tr(ρ(Frobp)) = Tr(ρ
′(Frobp)) for all maximal ideals p /∈ S,
then ρ and ρ′ have the same semisimplifications as Gal(K/K)-representations.
Here Frobp denotes a geometric Frobenius element at p which specializes to the
inverse of the |OK/p|-th power map on the residue field at p.
Proof. We only give a sketch of the proof. By the Chebotarev density theo-
rem ([Se] I.2.2), the set of conjugates of Frobp for all p /∈ S is dense in G
′ =
Gal(K/K)/(Kerρ ∩Kerρ′). Since ρ and ρ′ are continuous representations, Tr ◦ ρ
and Tr ◦ ρ′ are continuous maps from G′ to Ql which coincide on a dense subset
of G′. Hence they are equal. Therefore, we have Tr(ρ(σ)) = Tr(ρ′(σ)) for all
σ ∈ Gal(K/K). Then we have the conclusion by representation theory (see, for
example, Bourbaki, Alge`bre, Ch. 8, §12, n◦ 1, Prop 3.). 
4.3. p-adic Hodge theory. In this section, we recall p-adic Hodge theory. Es-
pecially, we recall Hodge-Tate decomposition which is a p-adic analogue of Hodge
decomposition over C.
Let p be a prime number and F be a finite extension of Qp. Let Cp be a
p-adic completion of an algebraic closure F of F . We define the p-adic Tate
twists as follows. We define Qp(0) = Qp, Qp(1) =
(
lim
←−
µpn
)
⊗Zp Qp, and, for
n ≥ 1, Qp(n) = Qp(1)
⊗n, Qp(−n) = Hom(Qp(n),Qp). Moreover, we define
Cp(n) = Cp ⊗Qp Qp(n), on which Gal(F/F ) acts diagonally. It is known that
(Cp)
Gal(F/F ) = F and (Cp(n))
Gal(F/F ) = 0 for n 6= 0 ([Ta], Theorem 2).
Let BHT =
⊕
n∈Z Cp(n) be a graded Cp-module with an action of Gal(F/F ).
For a finite dimensional Gal(F/F )-representation V over Qp, we define a finite
dimensional graded F -module DHT (V ) by DHT (V ) = (V ⊗Qp BHT )
Gal(F/F ). The
graded module structure of DHT (V ) is induced from that of BHT . In general, it
is known that
dimF DHT (V ) ≤ dimQp V.
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If the equality holds, V is called a Hodge-Tate representation ([Ta], [Fo]).
Theorem 4.3 (Hodge-Tate decomposition, [Fa1],[Ts]). Let X be a proper smooth
variety over F and k be an integer. The p-adic e´tale cohomology Hke´t(XF ,Qp) of
XF = X ⊗F F is a finite dimensional Gal(F/F )-representation over Qp. Then,
Hke´t(XF ,Qp) is a Hodge-Tate representation. Moreover, there exists a canonical
and functorial isomorphism⊕
i+j=k
H i(X,ΩjX)⊗F Cp(−j)
∼= Hke´t(XF ,Qp)⊗Qp Cp
of Gal(F/F )-representations, where Gal(F/F ) acts on H i(X,ΩjX) trivially and
the right hand side diagonally.
For a finite dimensional Gal(F/F )-representation V over Qp, we define
hn(V ) = dimF (V ⊗Qp Cp(n))
Gal(F/F ).
The following lemma seems well-known for specialists in p-adic Hodge theory.
But we write it here for reader’s convenience.
Lemma 4.4. Let W2 be a Hodge-Tate representation and
0 −−−→ W1 −−−→ W2 −−−→ W3 −−−→ 0
be an exact sequence of finite dimensional Gal(F/F )-representations over Qp.
Then, W1 and W3 are Hodge-Tate representations and
hn(W2) = h
n(W1) + h
n(W3) = h
n(W1 ⊕W3)
for all n.
Proof. Since
0 −−−→ DHT (W1) −−−→ DHT (W2) −−−→ DHT (W3)
is exact by definition, we have dimF DHT (W2) ≤ dimF DHT (W1)+dimF DHT (W3).
On the other hand, since W2 is a Hodge-Tate representation, we have
dimF DHT (W2) = dimQp W2 = dimQp W1 + dimQp W3
≥ dimF DHT (W1) + dimF DHT (W3).
Therefore, we have dimF DHT (W1)+dimF DHT (W3) = dimQp W1+dimQp W3 and
hence W1 and W3 are Hodge-Tate representations. Then,
0 −−−→ DHT (W1) −−−→ DHT (W2) −−−→ DHT (W3) −−−→ 0
is exact. If we take the dimension of each graded quotient of the above exact
sequence, we have hn(W2) = h
n(W1) + h
n(W3) = h
n(W1 ⊕W3). 
By combining above results, we can recover the Hodge numbers from the
semisimplifications of the p-adic e´tale cohomology as follows.
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Corollary 4.5. Let X be a proper smooth variety over F . Then, we have
dimF H
i(X,ΩjX) = h
j(H i+j(XF ,Qp)
ss) for all i, j,
whereH i+j(XF ,Qp)
ss denotes the semisimplification ofH i+j(XF ,Qp) as a Gal(F/F )-
representation.
Proof. By Theorem 4.3, if we take the dimension of the Gal(F/F )-invariant of
H i+j(XF ,Qp)⊗Qp Cp(j), we have
dimF H
i(X,ΩjX) = h
j(H i+j(XF ,Qp)).
On the other hand, since H i+j(XF ,Qp) is a Hodge-Tate representation,
hj(H i+j(XF ,Qp)) = h
j(H i+j(XF ,Qp)
ss)
by Lemma 4.4. Hence Corollary 4.5 is proved. 
Remark 4.6. A proof of Theorem 4.3 was firstly given by Faltings ([Fa1], for recent
developments of Faltings’ theory of almost e´tale extensions, see also [Fa2]). Tsuji
gave another proof by using de Jong’s alteration ([Ts]). In this paper, we don’t
need the full version of Theorem 4.3. For example, the theorem of Fontaine-
Messing is enough for our purpose who proved Theorem 4.3 in the case F is
unramified over Qp, dimX < p and X has good reduction ([FM]).
4.4. An application to Hodge numbers. Here we prove Proposition 1.2. It
is a standard consequence of the above results.
Proof of Proposition 1.2. Let notation be as in Proposition 1.2. Fix a prime
number l. Let S be a sufficiently large finite set of maximal ideals of OK such
that X and Y are proper and smooth over (SpecOK)\S, |X(OK/p)| = |Y(OK/p)|
for all p /∈ S, and S contains all p dividing l. Let H ie´t(XK ,Ql) (resp. H
i
e´t(YK ,Ql))
be the i-th l-adic e´tale cohomology of XK = X ⊗K K (resp. YK = Y ⊗K K) on
which Gal(K/K) acts.
Let p be a maximal ideal of OK outside S and Fq = OK/p be the residue field at
p. Then XFq = X⊗OK Fq is a proper smooth variety over Fq. Let F : XFq → XFq
be the q-th power Frobenius morphism as in §4.1. Note that p doesn’t divide l
here. Then, by basic properties of e´tale cohomology, H ie´t(XK ,Ql) is canonically
isomorphic to H ie´t(XFq ,Ql) and the action of F
∗ on H ie´t(XFq ,Ql) corresponds to
the action of Frob∗p on H
i
e´t(XK ,Ql), where Frobp is a geometric Frobenius element
at p as in Proposition 4.2. Therefore, by the Lefschetz fixed point formula for
e´tale cohomology (§4.1, (4.1)), we have
|X(OK/p)| =
2 dimX∑
i=0
(−1)i Tr(Frob∗p;H
i
e´t(XK ,Ql)).
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The same is true for Y. Therefore, for p /∈ S, we have
2 dimX∑
i=0
(−1)i Tr(Frob∗p;H
i
e´t(XK ,Ql)) =
2 dimY∑
j=0
(−1)j Tr(Frob∗p;H
j
e´t(YK ,Ql)).
Hence, by Proposition 4.2,
V =
dimX⊕
i=0
H2ie´t (XK ,Ql) ⊕
dimY−1⊕
j=0
H2j+1e´t (YK ,Ql)
and
W =
dimX−1⊕
i=0
H2i+1e´t (XK ,Ql) ⊕
dimY⊕
j=0
H2je´t (YK ,Ql)
have the same semisimplifications as Gal(K/K)-representations.
Fix a maximal ideal p of OK outside S. Let V
′ be a simple subquotient of
V as a Gal(K/K)-representation. Then V ′ comes from one of H ie´t’s. By the
Weil conjecture (§4.1), we can determine which cohomology group has V ′ as a
subquotient by looking at the complex absolute value of the eigenvalues of Frob∗p
acting on V ′. The same is true for W . Therefore, since H2 dimXe´t (XK ,Ql) 6= 0
and H2 dimYe´t (YK ,Ql) 6= 0 by Poincare´ duality, we have dimX = dim Y . More-
over, for each i, we conclude that H ie´t(XK ,Ql) and H
i
e´t(YK ,Ql) have the same
semisimplifications as Gal(K/K)-representations.
Now, take a maximal ideal q of OK dividing l. Let F be the completion of
K at q. Fix an embedding K →֒ F . Then we have an inclusion Gal(F/F ) ⊂
Gal(K/K). Since F/K is an extension of algebraically closed fields of character-
istic 0 6= l, by basic properties of e´tale cohomology, we have canonical isomor-
phisms H ie´t(XK ,Ql)
∼= H ie´t(XF ,Ql) and H
i
e´t(YK ,Ql)
∼= H ie´t(YF ,Ql) as Gal(F/F )-
representations, where Gal(F/F ) acts on H ie´t(XK ,Ql) and H
i
e´t(YK ,Ql) by restric-
tion. Therefore, H ie´t(XF ,Ql) and H
i
e´t(YF ,Ql) have the same semisimplifications
as Gal(F/F )-representations. By Corollary 4.5, we finally conclude that X and
Y have equal Hodge numbers. 
Remark 4.7. If we take a sufficiently large l in the above proof, we can use the
theorem of Fontaine-Messing (Remark 4.6, [FM]). Therefore, we don’t need the
full version of Theorem 4.3 in this paper.
The following corollary is a variant of Proposition 1.2 in terms of zeta functions.
Corollary 4.8. Let X and Y be proper smooth varieties over a number field K.
If local zeta functions ζp(X, s) and ζp(Y, s) are the same for all but a finite number
of maximal ideals p of OK, then X and Y have equal Hodge numbers:
dimCH
i(X,ΩjX) = dimCH
i(Y,ΩjY ) for all i, j.
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Proof. Let Zp(X, t) be the Hasse-Weil zeta function of X modulo p as in §4.1
for all but finitely many p. Then ζp(X, s) = Zp(X, |OK/p|
−s) by definition. The
same is true for Y . Therefore, Corollary 4.8 is an immediate consequence of
Proposition 1.2. 
Remark 4.9. Here we note a practical difference between Proposition 1.2 and
Proposition 4.1. In Proposition 4.1, it is sometimes possible to compute the
Hasse-Weil zeta function Z(X, t) and hence Betti numbers explicitly (for ex-
ample, see [We1]). However, it seems very difficult to compute the number of
rational points |X(OK/p)| for all but finitely many p for X . Even if they are com-
puted, there seems no way to compute Hodge numbers explicitly. Nevertheless,
we expect that Proposition 1.2 has further interesting applications in algebraic
geometry.
5. Proof of the main theorem
In this section, we give a proof of Theorem 1.1. By Proposition 2.1, it is enough
to show the following statement on Hodge numbers of K-equivalent varieties.
Proposition 5.1. Let X and Y be birational projective smooth algebraic varieties
over C. Assume that X and Y are K-equivalent (see §2), then X and Y have
equal Hodge numbers:
dimCH
i(X,ΩjX) = dimCH
i(Y,ΩjY ) for all i, j.
Proof. Since X and Y are K-equivalent, there exists a projective smooth variety
Z over C and proper birational morphisms f : Z → X, g : Z → Y such that
f ∗KX = g
∗KY . X, Y, Z, f, g are defined over a subfield K
′ of C which is finitely
generated over Q. Take a number field K and a variety T over K such that
the function field K(T ) of T is isomorphic to K ′ over K. Then, we can take
varieties X ′, Y ′, Z ′ over K, morphisms X ′ → T, Y ′ → T, Z ′ → T over K, and
morphisms f ′ : Z ′ → X ′, g′ : Z ′ → Y ′ over T such that the generic fibers of
X ′, Y ′, Z ′, f ′, g′ tensored with C are X, Y, Z, f, g respectively. Then, by shrinking
T if necessary, we may assume X ′, Y ′, Z ′ are projective and smooth over T , f ′, g′
are proper birational morphisms, and f ′∗ΩnX′/T = g
′∗ΩnY ′/T , where n = dimX =
dimY . Moreover, by replacing K by its finite extension, we may assume T has
a K-rational point s ∈ T (K). Since, for a proper smooth family of varieties in
characteristic 0, all fibers have equal Hodge numbers ([De1], 5.5), we may replace
X, Y, Z, f, g by the fibers of X ′, Y ′, Z ′, f ′, g′ at s.
Therefore, by changing notation, we may assume X, Y, Z, f, g are defined over
a number field K. Take schemes of finite type X,Y,Z over OK with generic fiber
X, Y, Z. Let S be a sufficiently large finite set of maximal ideals of OK such that
X,Y,Z are proper and smooth over U = (SpecOK)\S, and f : Z → X, g : Z → Y
extend to proper birational morphisms f˜ : Z⊗OK U→ X⊗OK U, g˜ : Z⊗OK U→
Y⊗OK U over U satisfying f˜
∗Ωn(X⊗OKU)/U
= g˜∗Ωn(Y⊗OKU)/U
.
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Then for a maximal ideal p of OK outside S, the completion of X,Y,Z, f˜ , g˜
at p satisfy the condition of Proposition 3.3. Therefore, we have |X(OK/p)| =
|Y(OK/p)| for all p /∈ S. By Proposition 1.2, we conclude that X and Y have
equal Hodge numbers. 
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